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Abstract A geodynamo simulation is presented where the Earth’s core density, rotation rate, convective !
Stéphane Labrosse

power and electrical conductivity are matched, while viscous losses are maintained minor in the force bal-

ance and power budget. Improving over earlier preliminary calculations, the simulation is integrated over near Mar C}Iie;;]\;;%
1700 years in physical time, and realistically renders the time scale range between interannual hydromagnetic Revised:
waves and secular convective motions. The solution has been obtained by gradually approaching these condi- May 4, 2026
tions along a path in model parameter space. A quasi-geostrophic, magneto-Archimedes-Coriolis (QG-MAC) Accepted:
force balance is confirmed, with the characteristic length scale of the system remaining near the planetary scale. May 4, 2026
Without the need for extrapolation, the morphology, variations and dynamics of the velocity, convective density /\/P\:)l/) l: hzi)ije

anomaly and magnetic fields are in excellent quantitative agreement with geomagnetic and geodetic observa-
tions supplied over the past centuries by navigation, observatories and satellites. In particular, the simulation
reveals the contribution of interdecadal magneto-Coriolis waves to geomagnetic variations in the vicinity of
60-yr periods. This direct validation of the convective geodynamo paradigm additionally offers a quantitative
and first principle-based physical link between the observable signals and deep Earth geodynamic parameters.
The model confirms that a convective power (or ohmic dissipation) level near 3 TW is needed to account for
the observed geomagnetic variations, and that the top of the core should be convectively neutral or unstable.
Explaining the core-originated interannual to decadal variations of the length of day through electromagnetic
core-mantle coupling requires a lower mantle conductance on the order of 10° S. It may also become possible
to constrain the outer core electrical conductivity from the observed patterns of interannual magneto-Coriolis
waves. Finally, the simulation can be considered a reliable source of prior information for solving geomagnetic
inverse and prediction problems.

1 Introduction tions with increasing realism. To summarise a few key steps,

the discipline took off with the obtention of self-sustained,

The goal of geodynamo studies is to understand and predict
the physics of the convectively-driven, rotating fluid dynamo
that generates Earth’s magnetic field within the electrically
conducting fluid core of the planet. The physical conditions
in which this system operates may first be defined by a typi-
cal dimension D = 2260 km (the outer core thickness), mean
core density p = 1.1x 10* kg/m> (Ahrens, 1995), and plane-
tary rotation rate Q =7.29 % 107> s~1. With these at hand, the
specification of a power input (or dissipation rate) P ~ 3 TW
(e.g. Labrosse, 2015; Nimmo, 2015; Frost et al., 2022; Aubert,
2023) leads to a typical flow velocity U = (P/pQD?)'/? ~
5%107% m.s™! (e.g. Aubert et al., 2017). The dominance of the
Coriolis force on this flow may be measured by the Rossby
number Ro = U/QD ~ 3% 107°. The hydrodynamic turbu-
lence is characterised by the Reynolds number Re =UD/v =
10°, with the fluid viscosity v ~ 107® m?.s™! (de Wijs et al,,
1998). Earth’s core conditions are therefore ones of rapid ro-
tation, strong power input, and low viscous dissipation, and
naturally lead to high levels of flow turbulence, the details of
which have remained out of reach of numerical simulations,
and will remain so for the foreseeable future.

The past three decades have nevertheless seen the devel-
opment of a constant stream of first-principle based simula-
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Earth-like magnetic fields with dipoles that can reverse po-
larity (Glatzmaier and Roberts, 1995; Kuang and Bloxham,
1997; Kageyama et al., 1995). This was a remarkable suc-
cess given the strong approximations that were used at the
time. Fluid flow was indeed simulated only at large scales
and the turbulence was damped with the help of hyperdif-
fusivity, or by partially or totally dropping inertial terms
in the equation for fluid motion. A standard formulation
later dropped some of these approximations at the expense
of more modest computing parameters (see Christensen et
al., 2001), and the associated benchmarks promoted a signif-
icant increase in the size of the research community dedi-
cated to the problem. The standard formulation also enabled
a deeper understanding of the conditions for magnetic field
generation and equilibration (Olson et al., 1999). Systematic
explorations of the parameter space could then be performed
(e.g. Kutzner and Christensen, 2002; Christensen and Aubert,
2006; Christensen et al., 2010; Soderlund et al., 2015; Yadav
et al., 2016; Schwaiger et al., 2019; Menu et al., 2020; Teed
and Dormy, 2025), in order to map regions where the solu-
tion would present Earth-like characteristics, key dynamical
regimes as well as regime transitions. Since this parameter
space remained very remote from Earth’s core conditions,
scaling laws were also formulated (Starchenko and Jones,
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2002; Christensen and Aubert, 2006; Davidson, 2013) to ex-
trapolate the model output to these conditions. The scaling
laws guided further pointwise samplings of the parameter
space at more computationally demanding conditions (e.g.
Takahashi et al., 2005; Kageyama et al., 2008; Sakuraba and
Roberts, 2009; Miyagoshi et al., 2010; Schaeffer et al., 2017;
Sheyko et al., 2018). They also promoted the theoretical de-
sign of paths connecting the parameter space regions where
tractable models had been found to the region where Earth’s
core resides (Aubert et al., 2017), while preserving those as-
pects of the solutions that had been successfully compared
to observations.

Though rotating hydrodynamic turbulence is a topic of
interest in itself and best approached by laboratory exper-
iments (e.g. Aurnou et al., 2015; Nataf and Schaeffer, 2015;
Le Bars and Lemasquerier, 2026), its accurate small-scale de-
scription may be only of secondary importance on the way
towards simulating the geodynamo in the physical condi-
tions of Earth’s core. The magnetic to kinetic energy ratio of
the core is about B?/puU? ~ 5000, using the above values of
U, p, the permeability y = 47 x 1077 H.m™! and typical mag-
netic field intensity B =4 mT (Gillet et al., 2010). Most of the
energy is therefore contained in the magnetic field itself. The
route taken by the system from energy input to dissipation
does rather involve a much less intense magnetic nonlinear-
ity, and ultimately ohmic losses at fairly large scales (typi-
cally a few tenths of kilometers, e.g. Christensen and Tilgner,
2004), because the magnetic diffusivity n = O(1 m?.s™!) (e.g.
Berrada and Secco, 2021) is much larger than the fluid vis-
cosity v. Only a small fraction of the energy is expected to
cascade further down towards the much smaller scales of vis-
cous dissipation. It is then possible to preserve the large-
scale structure and dynamics of fully-resolved simulations
when enhancing the small-scale values for v, provided that
dissipation remains predominantly of ohmic nature (Aubert,
2019). This rationalises the success of early geodynamo mod-
els, and incidentally also matches the intuition of Glatzmaier
(2002), when he considered as a ’grand challenge’ a simu-
lation with p,Q,P,n set to their Earth values and v larger
than its molecular value but still as small as possible (and
no larger than 7), on the basis of turbulent diffusivity ar-
guments (see also Gubbins, 2001). Introducing such large-
scale approximations has led to simulations that could ap-
proach close to Earth’s core conditions thanks to tractable
spatial resolution, but still with increasing demands on tem-
poral resolution (Aubert and Gillet, 2021). The computation
indeed remains a challenge because the low target value of
the magnetic Ekman number E,, = /QD? = 0(10~?) requires
to resolve a planetary rotation period that is extremely short
respectively to the magnetic energy dissipation time scale.
Some recent simulations have finally reached Earth’s core
physical conditions over short integration times of a few
decades to a century in physical time (Aubert, 2023; Aubert,
2025).

This study introduces the first geodynamo simulations
reaching Earth’s core conditions (correct values for p, Q, P, 1,
and v < n at large scales but enhanced at small scales) over
durations ranging from several centuries up to millennia in
physical time. The simulation therefore renders hydromag-
netic waves occurring at interannual periods as well as the
convective circulation responsible for secular geomagnetic
variations. This work is intended to serve several purposes.

2

First, we wish to confirm that over a significant number of
overturn times and without the need for any extrapolation,
the paradigm of a convective geodynamo is successful at pre-
dicting most observations acquired in the past centuries with
magnetic observatories, navigation data and satellites. Sec-
ond, in the new simulation all the important physical time
scales are now correctly placed within the interannual to
secular time scale range. This enables an accurate com-
parison of the model output with geomagnetic variations
in this range, and provides further insight into their origin
and cross-timescale interplay. Third, here we vary some key
physical properties of the model, in an attempt to provide ge-
omagnetic constraints on their Earth values, as well as fur-
ther information on the present thermal state of Earth’s core.
Finally, the new models are intended to provide robust prior
information for inverse- and data assimilation-based prob-
lems, for instance for determining the fluid flow beneath the
core surface from geomagnetic data (e.g. Gillet et al., 2022;
Istas et al., 2023; Gillet et al., 2024), and for building mathe-
matical models of the geomagnetic field with high temporal
resolution (Claveau et al., 2025; Kloss et al., 2026).

This manuscript is laid out as follows: section 2 describes
the numerical model, the results are presented in section 3
and discussed in section 4.

2 Methods

2.1 Model description

We solve for Boussinesq convection and magnetic induction
within a spherical shell of thickness D = r, —r;, aspect ra-
tio r;/r, = 0.35 representing Earth’s outer core. The gravity
g = —gor/7ro€, is radial. The shell is rotating with angular
velocity Q = Qe and contains an incompressible Newtonian
fluid of uniform density p, viscosity v, thermo-chemical dif-
fusivity k and electrical conductivity o (the magnetic diffu-
sivity is n = 1/uo). We choose a spherical coordinate system
(7,0, ) with unit vectors e,, ey, e, associated to the cylindri-
cal system (s,z,¢) of unit vectors es,e;,e,. Our unknowns
are the velocity field u, magnetic field B and codensity (op-
posite of density anomaly) field C. In the rotating frame, the
governing equations are

0
p(a—lt1 +u-Vu)+2erz><u+VH

1 (1a)
.
=g,—Ce;+ — (VxB)xB+ pvV?u,
To I
JB
= =V x (uxB) +7nV?B, (1b)
aC
E+u-VC=KV2C+Sc, (1¢)
V-u=0, (1d)
V-B=0. (1e)

Here II is the pressure field. The mechanical boundary con-
ditions are of stress-free and non-penetrating type at both
boundaries (see Aubert et al., 2017, for a justification of
stress-free boundaries for modelling the geodynamo). The
shell is electromagnetically coupled at r = r; with a solid in-
ner core of same density and conductivity, featuring an axial
differential rotation Q¢ in the rotating frame. At r =r,, the
shell is also coupled to another shell between radii r, and
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rg, = 1.83r, (Earth’s radius) representing the mantle, present-
ing a thin conducting layer of thickness A and conductivity
oM at its base. The mantle also presents an axial differential
rotation Qy in the rotating frame.

The models use the co-density approximation which
merges thermal and chemical buoyancy into a single field C
with a single diffusivity x. Convection is driven by imposed
homogeneous mass anomaly fluxes F; = —4rxxr2dC/ar(r;)
and F, = —47rkr2dC/adr(r,) at both boundaries, meant to re-
spectively represent the buoyancy arising from inner core
crystallisation and from a superadiabatic core-mantle bound-
ary heat flow. The total mass anomaly flux is F = F; + F, and
the inner core-originated fraction is noted f; = F;/F. Mass
is preserved through the specification of a sink term S¢ =
(Fo—F;)/V =3(1-2f;)F/4x(r} —r}), where V is the shell vol-
ume. At each boundary, heterogeneous mass anomaly fluxes
can be superimposed with peak-to-peak amplitudes Af;, Af,
and patterns as in Aubert et al. (2013). This is used in one
of our models (case C, see section 2.4) to mimic the effects
of a longitudinally hemispheric inner core growth pattern at
r =r;, and of thermal control from a laterally heterogeneous
mantle at r =r,.

The inner core and mantle are furthermore gravitationally
coupled together using the model of Buffett (1996); Buffett
(1997). A misalignment angle ® between the inner core and
mantle is introduced, and the gravitational torque exerted
on the inner core is then I'c = —I'®, where I is a coupling
constant. The misalignment angle can relax because of the
finite viscosity of the inner core, following

E*‘E:QIC_QM: (2)
where 7ic is the viscous relaxation time of the inner core. Our
models either use a finite value of 7ic, or the instantaneous
relaxation limit zjc — 0 where the gravitational torque felt by
the inner core simply becomes Iz = —T'7jc (Qc — Qpm). In this
case neither I' nor 7jc have a physical meaning in isolation
and only their product has one.

We solve for the coupled rotational dynamics of the inner
core-outer core-mantle system. The evolution equations for
the inner core and mantle axial differential rotations are

dQ

Iic d—tIC =Iw1+1G, (3a)
dQ

Im d_tM =Ivym-TG, (3b)

where Iic, Iy are the inner core and mantle moments of iner-
tia, Iyr1 and Ty v are the electromagnetic torques felt by the
inner core and mantle. We recall that (Rochester, 1962)

T = i f/ B, B, sinfdsS, (4a)
H r=r;
Tym = -2 // BB, sin6dS, (4b)
H r=ro

where B, =B-e, and B, =B-e,. The angular momentum of
the coupled system is preserved at each instant.

2.2 Dimensionless input parameters and pa-
rameter space paths

Though this becomes optional once Earth’s core conditions
are reached, for consistency with previous work the system

3

of equations (1) is solved in a dimensionless form, where a
number of fundamental input parameters appear. A useful
scheme is to adimension length with D, time with Q~!, mag-
netic field with /puQn and density anomaly with F/47QD3.
The resulting dimensionless equations can be found e.g. in
Aubertetal. (2017). The classical dimensionless input param-
eters are the flux-based Rayleigh, magnetic Ekman, Prandtl
and magnetic Prandtl numbers

gok
Rar = 17p QD (5a)
__n
Ey=ope (5b)
Pr= K, (5¢)
K
Pm=". (5d)
n

Adding to these are three additional parameters describing
the couplings and rotational dynamics, the mantle conduc-
tance ratio ¥ = Aoy/Do, the dimensionless inner core vis-
cous relaxation time 71cQ and the dimensionless gravita-
tional coupling constant & =T'ric/pD3Q. See the Supplemen-
tary Spreadsheet (link in the data availability statement) for
the dimensionless parameter values used in this study.

It is useful to approach Earth’s core physical conditions by
considering suites of models with increasingly realistic pa-
rameters. These follow parameter space paths along which
the leading-order force balance and level of magnetic induc-
tion are preserved (Aubert et al., 2017). A path parameter ¢
is introduced and governs the other dimensionless parameter
along a given path, according to the following rules:

Rar = €Rap(0),E, = VeE,(0),Pm =ePm(0),  (6)

where quantities with label ’(0)” refer to the ’start of path’
values at € = 1 located in a numerically more tractable re-
gion of the parameter space. The ’end of path’, correspond-
ing to core conditions and where all the cases presented here
are located, is conventionally set at € = 1077. Note that the
path is designed such that E, and Rar have Earth-like val-
ues at the end, but Pm does not need to terminate at its
Earth value as long as it becomes much smaller than unity
i.e. as long as a low-viscosity limit v <« 7 is reached, con-
sistently with the definition of core conditions in section 1
(see also Aubert et al., 2017). Within our set of models, the
parameters for case C are chosen so that this case termi-
nates the exploration of a path started in Aubert et al. (2017);
Aubert (2019); Aubert and Gillet (2021). The main parame-
ters of this path are Rap(0) =2.7x107°, E,(0) = 1.2X 107>,
Pm(0) = 2.5, with Pr set to unity throughout this path (there
is no theoretically set rule for this parameter). We will also
compare case U to its start of path equivalent U0% following
the rules in Eq. (6) together with Pr = \/ePr(0), £ = \e £(0)
and ¥ = 3(0). The parameters of this second path are there-
fore Rap(0) =2.7x107°, E,(0) = 6.98x 107, Pm(0) = 4.3,
Pr(0) =5,%(0) =10"* and £(0) = 2.1.

2.3 Model outputs

In each of our cases, we monitor the root-mean squared ve-
locity U and magnetic field B within the shell. This de-
fines the overturn and Alfvén time scales 7y = D/U and 74 =
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D+/pji/B. These two time scales are classically intercom-
pared via the Alfvén number A = 74/7y. They are further-
more compared to the planetary rotation time scale 7g =1/Q
via the Rossby number Ro = 7 /7y and the Lehnert number
A =1q/74. Finally, they are also compared to the magnetic
diffusion time 7, = D/ via the magnetic Reynolds number
Rm = 1 /7y and the Lundquist number S = 7,,/74. We also
report on the convective power

P=</goLCu-erdV>, (7)
v To

where the angle brackets denote a time average, as well as its
density p = P/V. We finally report on the following outputs
defined in Aubert et al. (2017): the fraction fyn, of P that
is dissipated in ohmic losses, the characteristic length scale
dmin for ohmic dissipation

dminz(/V(Bz>dv)l/z-(/v((VxBf)dv)_l/z, (8)

and the level 7~ of enforcement of the Taylor constraint (Tay-
lor, 1963) along axial fluid cylinders. To compute this, we first
evaluate the integrals

/ e, (VxB)xBdz

/Z+
z-

Here the overbar represents an azimuthal average, and the
vertical integrals are taken between the z-coordinates z_ , at
which the axial cylinder of radius s intersects the spherical
shell boundaries. To obtain 7, we take the time- and cylin-
drical radius average of 7 (s). See again the Supplementary
Spreadsheet for the values of these parameters in our set of
model cases.

The morphology of the output magnetic field at the model
surface is characterised by the rating y? introduced by Chris-
tensen et al. (2010). The typical time scale 7g,, of magnetic
variations is obtained by computing the time-averaged spec-
tra (B2(¢)) and (B2(¢)) of the magnetic field and its temporal
variations at any altitude above the model surface, and then

fitting a functional form 73, /¢ to sy (£) = 4/(B2(¢)) /<BZ(£’)>
between degrees £ = 2 and ¢ = 13. Similarly, the typical time
scale Tg , for magnetic acceleration is obtained by computing

T(s) = )

e, - (VxB)xB|dz

the acceleration spectrum <Bz({’)> and taking the mean of

sa(f) = 1/(]'32({’)) /<BZ([)> between degrees £ =1and £ = 13.

For the study of torsional waves and their reflection at the
core surface, we additionally introduce the fundamental tor-
sional wave period Ty = V3r,74 /D, and the quality factor (see
Schaeffer and Jault, 2016; Gillet et al., 2017)

Q =S5%(Breq/B), (10)

where Br.q is the root-mean-squared value of the radial mag-
netic field at the equator of the shell surface. We also intro-
duce the Alfvén speed c4 given by the magnetic field perme-
ating axial cylinders:

0124(8, t) = m/ ' (B-es)zdz, (11)

with z_ ;. defined as above.

For the study of magnetic jerk events, we define the jerk
energy Ej similarly to Aubert and Finlay (2019); Aubert et
al. (2022), by examining the energy at Earth surface of the
magnetic acceleration difference between consecutive 3-year
windows. We define the variations in the length of day
ALOD corresponding to a variation AQy of the mantle ro-
tation rate as ALOD = —27AQy;/ Q2.

We finally report on a scale-dependent representation of
the force balance in the system, similarly to our previous
studies (e.g Aubert et al., 2017; Schwaiger et al., 2019). This
is obtained by computing the root-mean-squared amplitude
of each force in Eq. (1a) as a function of the spherical har-
monic degree ¢. Estimates of the gradient-free (solenoidal)
part of this balance can also be used (e.g. Schaeffer et al.,
2017; Teed and Dormy, 2025), and produce essentially the
same ordering of forces. The main difference between the
two approaches is that the solenoidal force balance does not
provide enough constraints to set the characteristic length
scale d; of the dynamo, such that additional closure argu-
ments are systematically needed in scaling theories based on
this solenoidal balance (Davidson, 2013; Aubert et al., 2017).
In contrast, the full force balance with gradients gives ac-
cesstod, =nD/t, from the crossing degree £, between the
scale-dependent buoyancy and Lorentz forces (Schwaiger et
al., 2021). This is because d; is in fact only limited by Lenz’
law i.e. the cumulative feedback between fluid dynamics (Eq.
1a) and self-sustained magnetic field generation (Eq. 1b).
The effect of this law amounts to the avoidance of regions
with intense magnetic tension by flow gradients, through the
conversion of this tension into a magnetic pressure gradi-
ent (Aubert, 2019). The associated structural constraints are
therefore preserved into the gradient part of the force bal-
ance.

2.4 Description of model cases

Tab. 1 summarises the main set-up, dimensional input and
output parameters of the cases presented here, the complete
list being found in the Supplementary Spreadsheet. In all
cases, we also use the Earth values Q =7.29x 107 s71, g, =
10 m.s™2 and p = 1.1 x 10* kg.m™3, Iic = 5% 10** kg.m? and
In =7.1%10%7 kg.m? (Ahrens, 1995), T =5x10!° N.m (Davies
et al., 2014) and 7;c = 20 yr, or I'rc = 102! N.m.yr in the
limit 7ic — 0. Consistently with the discussion in section 1,
the viscous and thermochemical diffusivities v and k are en-
hanced respectively to their target molecular values, uni-
formly across length scales or through a scale-dependent hy-
perdiffusive scheme (see section 2.5). Case C corresponds to
the end of path for the series of models computed in Aubert
etal. (2017); Aubert and Gillet (2021). It respects the set-up of
these cases, with low electrical conductivity, laterally hetero-
geneous mass anomaly flux imposed at boundaries, viscous
and thermochemical hyperdiffusion, and neutral buoyancy
at the outer boundary (f; = 1) representative of an exactly
adiabatic core heat flow. Case C is included here for consis-
tency with the previous formulation of the path. However,
here we concentrate our analysis and numerical computation
effort on new cases featuring a higher electrical conductivity
o ~ 10° S.m™! more in line with the value proposed in the
past decade by ab-initio calculations and laboratory experi-
ments (see e.g. Pozzo et al., 2012; Gomi et al., 2013; Berrada
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Table 1: (a) Set-up and main inputs, (b) outputs of the model cases. See Supplementary Spreadsheet for a complete list. "Hdiff” lists the
quantities on which hyperdiffusivity is used. "Het’ refers to the use of laterally heterogeneous boundary conditions for the convective mass
anomaly flux. Earth values are taken from: (1) Davies et al. (2015); Berrada and Secco (2021), (2) de Wijs et al. (1998), (3) Tassin et al. (2021),
(4) Holme (1998); Gillet et al. (2015), (5) Lister (2003); Aubert (2025), (6) Pichon et al. (2016), (7) Labrosse (2015); Nimmo (2015); Aubert (2023),
(8) Holme (1998); Christensen et al. (2012); Gillet et al. (2015), (9) Gillet et al. (2010), (10) Lhuillier et al. (2011); Christensen et al. (2012), (11)

Kloss et al. (2026).

Label o (10°S.m™!) v (m?s™!) k (m?s7!) Aoy (108S) Hdiff fi  Het ric (yr)
C 056 1.12x107° 1.12x107° 13 vk 1 yes 0
N 113 1.12x1073 1.12x1073 2.5 v, K 1 no 0
@ U 0.97 1.12x1073 0.71 2.2 v 0.75 no 0
G 0.97 1.12x1073 0.71 2.2 v 0.75 no 20
GC 0.97 1.12x1073 0.71 21.9 v 0.75 no 20
GL 0.97 1.12x1073 0.71 0.2 v 0.75 no 20
Earth 0.5-1.5 (1) 107 (2) 1077-107° (3) 0.3-30 (4) 0.7-1 (5) 0.02-20 (6)
Label Ty, (yr) P (TW) U (km/yr) B (mT) 1 (yr) 14 (yr) oy (yr)  m, (yr)  X°
C 325 3.07 20.4 4.88 111 1.73 444 8.1 3.4
N 336 3.12 20.0 4.78 113 1.76 410 59 0.2
® U 999 2.92 20.9 4.17 108 2.02 426 52 15
G 691 3.05 20.2 4.61 112 1.83 383 49 28
GC 134 2.99 19.9 4.42 113 1.91 430 6.7 2.9
GL 191 2.97 20.4 4.42 111 1.91 356 6.0 3.2
Earth ~3(7) =~17-20(8) ~4(9) 110-130(8) ~2(9) 370-470(10) =~7(11)

and Secco, 2021). Respectively to case C, case N removes
the lateral heterogeneities and explores this higher electrical
conductivity value. All other cases furthermore feature un-
stable buoyancy at the outer boundary (f; < 1), representa-
tive of a superadiabatic core heat flow. Rather than hyperdif-
fusing the density anomaly field, they use an enhanced ther-
mochemical diffusivity at all scales. Case G has been started
from the end of case U, by only changing the value of the
relaxation time 7ic of the solid inner core. This change only
influences the properties of the gravitational torque felt by
the inner core at time scales shorter than 7c, such that all
other outputs are continuous, differentiable, and statistically
stationary when concatenating the two sequences U and G.
Together, these cases span 1690 years in physical time, the
longest time series to date for a model operating at these con-
ditions. Cases GL and GC differ from G only by the value of
mantle conductance.

In all models, the forcing of convection (the parameter
Rar, or equivalently the power P which is proportional to
Rap, e.g. Aubert et al., 2017) is set such that the output
magnetic variations respect the observed time scale TSlV =
370 — 470 yr of geomagnetic variations (e.g. Lhuillier et al.,
2011; Christensen et al., 2012). As previously shown in
Aubert (2023), this tends to narrow down the range of out-
put convective powers in the vicinity of P ~ 3 TW (Tab. 1).
In particular, cases U and G (the longest series of this study)
explore the possibility that this power level is obtained in
the context of a fairly high electrical core conductivity that
also corresponds to a thermal conductivity in the vicinity of
k~80-90 W.m™1.K™! (Pozzo et al., 2022; Ohta et al., 2025),
leading to an adiabatic heat flow at the core surface in the
vicinity of Q,q =12 —13 TW (Labrosse, 2015). With multidis-
ciplinary estimates pointing to a value Qcymp = 15 TW for the
total core surface heat flow, we note that core thermodynam-
ics then indeed predicts a total dissipation or total dynamo
power in the vicinity of P ~ 3 TW (Labrosse, 2015), under-

5

lining the internal consistency within the chosen parameter
set. Consistently with the superadiabatic situation described
above (Qcmp > Qad), there is top-driven buoyancy in the sys-
tem, which motivates the choice f; < 1i.e. F, > 0 for the mass
anomaly flux partition.

2.5 Numerical implementation

The numerical implementation rests on a spectral expan-
sion of fields in spherical harmonics up to degree and or-
der .« for the lateral directions, and of second-order finite-
differences over NR grid points in the radial direction.
The spherical harmonics transform library SHTns (Schaef-
fer, 2013) available on BitBucket is used. The time step-
ping scheme is semi-implicit with second-order accuracy.
Cases featuring hyperdiffusivity (column Hdiff in Tab. 1) on
v and/or k replace the native diffusivity v (respectively )
above degree ¢ = 30 with an effective diffusivity v = vg; >
(respectively k). Here qp is a parameter governing the
steepness of hyperdiffusive ramping up with harmonic de-
gree. The physical justification and validation for this ap-
proach is given in Aubert et al. (2017); Aubert (2019). The
models are integrated over a duration 7y, in physical time.
See the Supplementary Spreadsheet for the complete list of
numerical implementation parameters. The cases presented
here have been obtained with a strategy of stepwise progres-
sion along parameter space paths (Aubert and Gillet, 2021;
Aubert, 2023). Starting from moderate conditions, the com-
putation is gradually advanced towards Earth’s core condi-
tions by using the path scaling laws (Aubert et al., 2017),
which minimises the duration of numerical equilibration
transients.
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Figure 1: Root-mean-squared amplitudes of the forces in a snapshot of case U (a) and case C (b), represented as functions of the spherical
harmonic degree ¢. Force are normalised respectively to the peak of the Coriolis force.

3 Results

We first examine in Fig. 1 the length-scale dependent force
balance in cases U and C. Consistently with earlier results
(Aubert and Gillet, 2021), the leading-order balance is a
quasi-geostrophic (QG) equilibrium between pressure and
Coriolis forces. At the next order, a MAC balance is observed
between the part of the Coriolis force not balanced by the
pressure gradient (termed ageostrophic Coriolis force), the
buoyancy force (at large scales £ < £, ) and the Lorentz force
(at smaller scales ¢ > £, ). Because case U uses enhanced ther-
mochemical diffusivity across all scales, the tail of the buoy-
ancy force line (Fig. 1a) does not feature the steep decay seen
for case C (Fig. 1b) which uses a smaller base diffusivity and
small-scale hyperdiffusion (Tab. 1). The force balance struc-
ture is otherwise essentially unchanged, underlining the ro-
bustness of its behaviour against this change of modelling
strategy.

It has been demonstrated that when the dynamo is in this
QG-MAC force balance, the degree ¢, at which the buoyancy
and Lorentz forces intersect determines its characteristic
length scale (Schwaiger et al., 2021), because this is the point
where the former works against the latter to build up the
magnetic energy. Here we find £, =11 in both cases U and C,
corresponding to a scale d, =nD/¢, ~ D/4, a value remark-
ably similar to most other cases previously computed along
and across the parameter space paths leading to core condi-
tions (Aubert et al., 2017; Aubert and Gillet, 2021; Schwaiger
et al.,, 2021; Aubert, 2023), regardless of whether hyperdiffu-
sivity is used or not in the simulation (Aubert, 2019). Follow-
ing the discussion of section 2.3, the reason why this value
is so weakly variable across such a wide range of conditions
is that it is unconstrained by the solenoidal force balance.
The system therefore adopts the largest possible scale given
the morphological constraints that there must be at least a
convective up/downwelling in order to draw energy from
convection, and that the fluid flow needs to avoid regions of
high magnetic pressure where most of the dynamo energy is
stored. The typical dynamo length scale remains about the
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same throughout the parameter space simply because these
two constraints also remain the same.

At the following order, inertia comes about three orders of
magnitude below the previous forces. Schwaiger et al. (2019)
have shown that the ratio between the Lorentz and inertial
force is accurately represented by the magnetic to kinetic en-
ergy ratio B?/puU? = (ty /t4)? ~ 3—4x 10 (see the Supple-
mentary Spreadsheet). This indicates that the slow evolution
of the dynamo, governed by the MAC balance on the over-
turn time scale 7y = 110 yr and longer is essentially inertia-
less (Aubert, 2020) and that rapid magneto-inertial wave dy-
namics can set up at the time scale 74 ~ 2 yr (Tab. 1) with low
dissipation (Aubert and Gillet, 2021), as attested by the value
S=1, /74 > 6Xx10* of the Lundquist number. Finally, the vis-
cous force is last in the hierarchy and essentially irrelevant,
being found 7 orders of magnitude below the MAC forces
at large scales ¢ < 30, and not perturbing the leading-order
balance at small scales despite the use of hyperdiffusion.

In Fig. 2 we examine the evolution of dimensionless model
outputs along the parameter space paths defined in sec-
tion 2.2 and explored in our previous studies (Aubert et al.,
2017; Aubert and Gillet, 2021), now that we are able to com-
plete them with new cases at their ends, and particularly with
case C following the original set-up. The outputs adhere to
theoretical scalings based on the QG-MAC balance, the en-
ergy budget and the closure hypothesis that d, is invariant

along the path (Aubert et al., 2017): Ro ~ el/z, /1/f01h/j1 ~ el/4,
A ~ €'/* (Fig. 2a-c). End-of-path values are also very close to
the Earth’s core estimates (Aubert et al., 2017). The ohmic
fraction reaches fopy, = 0.91 for case C at the end of the path
(Fig. 2d), demonstrating that despite the use of hyperdiffu-
sivity, power is essentially dissipated through ohmic losses.
Cases U and N logically reach lower final fony, values be-
cause they operate with lower magnetic diffusivity. Consis-
tently with the hypothesis underlying the definition of the
path (Aubert et al., 2017), the magnetic dissipation length
scale dyy, is nearly constant (Fig. 2e) if the magnetic Reynolds
number Rm is kept constant, e.g. with Rm = 1000 for all pre-
viously computed cases as well as case C. Cases U and N op-
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Figure 2: Evolution of the main dimensionless model outputs with the path parameter e. Shown with circles are the fully resolved solution
at the start of path (e = 1), the hyperdiffusive solutions along the path previously obtained in Aubert et al. (2017); Aubert and Gillet (2021),
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reported in each subfigure. In (e) the least-squares fit is restricted to the cases operating at the same magnetic Reynolds number Rm ~ 1000

(i.e. case C and the cases from previous studies, circles).

erate at about twice this value and logically feature smaller
dissipation length scales consistent with a Rm~'/? scaling
(Christensen and Tilgner, 2004). The level of Taylor con-
straint enforcement 7~ ~ 2 —5x 10~? reached at the end of
path (Fig. 2f) is consistent with the extrapolations originally
made in Aubert et al. (2017) and with the gap observed in
Fig. 1 between inertia and the Lorentz force.

Fig. 3 presents visualisations of the velocity, density
anomaly and magnetic fields within the fluid shell for
case U. We find typical root-mean-squared amplitudes U =~
20 km.yr™!, B~ 4 mT and C ~ 10™* kg.m™3 (Fig. 3a-c) that
compare favourably with classical estimates for Earth’s core
(see references in Tab. 1). It should be stressed that differ-
ent from previous studies that approached the core condi-
tions without reaching them (e.g. Aubert and Gillet, 2021),
this is directly the output of the model, and not the result of
an extrapolation to these conditions using the path scaling
rules. The large-scale, dipole-dominated surface magnetic
field morphology (Fig. 3e) is compliant with historical obser-
vations (see y? ratings in Tab. 1), and its root-mean-squared
amplitude is about a tenth of the value at depth (Fig. 3c). The
characteristic length scale d, = D/4 of the system manifests
in the longitudinal spacing between ascending or descend-
ing plumes visible in Fig. 3a,b. Downwellings are particu-
larly prominent here because the top of the core is convec-
tively unstable in case U. Aside from this small-scale organ-
isation, the system features polar vortices (Fig. 3d) as well
as a longitudinally hemispheric large-scale structure previ-
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ously referred to as an eccentric axial 'gyre’ that is also seen
in Earth’s core (e.g. Finlay et al., 2023). The fluid is ascending
at the eastern end of the gyre and descending at the west-
ern end (Fig. 3b), and features a westward surface circula-
tion at low latitudes in between (shaded region of Fig. 3d).
The velocity and magnetic field structures drift westwards
at a speed of about 0.1°.yr ! comparable to geomagnetic ob-
servations (Finlay and Jackson, 2003), under the influence of
the solid-body rotation resulting from the outer core-mantle-
inner core rotational coupling (Aubert et al., 2013). Similar
structures have been obtained in this last study through het-
erogeneous boundary forcing, whereas Schaeffer et al. (2017)
and the present case U feature an eccentric gyre with spa-
tially homogeneous boundaries. This longitudinally hemi-
spheric structure can indeed be rendered convectively un-
stable in presence of an ambient axial magnetic field (e.g.
Sakuraba, 2002). Finally, wave-like motion of rapid (inter-
annual to interdecadal) periods and rapid westward prop-
agation (a few degrees per year) is visible at low latitudes
(Fig. 3d), similar to the findings of Gillet et al. (2022); Gillet
et al. (2024).

The temporal variations of the model are also in excellent
agreement with those of the geodynamo, as attested by time
scales for magnetic variation gy (£) and acceleration zga (£)
(Fig. 4). As shown in Aubert (2023), matching the observed
and simulated curves for gy (¢) directly constrains the con-
vective power level at which the model should operate, and
this is how the power P = 3 TW of the present cases was
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Figure 3: Representations of a snapshot taken from case U. (a) Density anomaly field C, (b) velocity u-es in the cylindrical axial direction,
and (c) radial magnetic field B - e,, in the equatorial plane, a meridional plane, the core surface and a spherical surface at radius r = 1.007r;
i.e. slightly above the inner core boundary. (d,e) Hammer projections of the core surface azimuthal velocity u-e,, presented at native model
resolution, and radial magnetic field presented up to spherical harmonic degree £ = 13. The shaded regions in (d,e) correspond to the part of
the equatorial plane that is hidden in (b,c). Note that the meridional plane represented in (a) is rotated eastwards relatively to (b,c).
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Figure 4: Magnetic variation and acceleration time scales gy (¢)
and 7sa (£), presented as functions of the spherical harmonic degree
¢, for case U and the geomagnetic field model CHAOS-8.4 (Kloss et
al., 2026) between 1997 and 2025.5. Least-squares fits of the results
with the functional forms Tslv/ ¢ and a constant rg , are also reported.

selected, consistently also with the geodynamic constraints
summarised in section 2.4. We note that the overall shapes
of 75y (£), 7sa (£) as well as the master constants Tslv ~ 400 yr,
Tg ', ~ 6 yr (Fig. 4, Tab. 1) are in better agreement here than
they were in Aubert (2023), despite the use of data assimila-
tion in this latter study. Earth’s core conditions were indeed
reached over short periods of time where the system could
not equilibrate completely. In contrast, with a millennium
simulated in physical time, case U is now better equilibrated
from the standpoint of convective secular variations.

In Fig. 5 we further compare the temporal contents of
core surface flow and magnetic accelerations between cases
U0% and the 1690-yr concatenation of cases U and G (noted
U+G), which are respectively located at the start (0%) and end
(100%) of the same parameter space path (see section 2.2).
Despite the vastly different conditions of these models, the
frequency-domain power spectral densities are overlapping
at the secular overturn time scale 7y and beyond. This con-
firms that start-of-path models are suitable for giving an ap-
propriate description of the system dynamics at long time
scales, and that the path scaling rules used to extrapolate
their output to core conditions (Aubert et al., 2017) are ac-
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Figure 5: Frequency-domain spectral density of the total mag-
netic field acceleration energy B? at Earth’s surface (top) and large-
scale (degree ¢ < 30) flow acceleration energy u? at the core sur-
face (bottom). Shown are the concatenation U+G of cases U and
G, the case U0% at the start of the parameter space path termi-
nating with case U, as well as the CHAOS-7.17 geomagnetic field
model (Finlay et al., 2020) between 1997 and 2024, and the CHAOS-
8.4 model (Kloss et al., 2026) between 1997 and 2025.5. The output
of case U0% is extrapolated from the start of path towards Earth’s
core conditions using the path scaling rules, following the pro-
cedure in Aubert (2023). Spectral transforms are estimated with
a Thomson multitaper method of half concentration bandwidth
4/At where At = 1690 yr for U+G, At = 491400 yr for U0%, and
At =27 yr,28.5 yr for CHAOS 7.17 and CHAOS-8.4, respectively.
The overturn and Alfvén frequencies fy = 1/7y, fa = 1/7a are re-
ported as well as tentative spectral falloff slopes.

curate. This also gives confidence in return that case U+G
is equilibrated with respect to the longer-term dynamics. In
contrast, case U+G features vastly larger power levels than
case U0% in the interannual to secular time scale range. This
is first because the start of path case U0% features a planetary
rotation period of 277/Q = 8.7 yri.e. V107 longer than Earth’s
(following the path scaling rules). Rotational dominance is
therefore not or weakly enforced in this time scale range,
whereas all time scales in case U+G are strongly rotationally-
dominated since they are much longer than 27/Q =1 day.
Second, the large ratio between Lorentz and inertial force
(Fig. 1) in case U+G enables magneto-inertial hydromagnetic
waves of high quality factor at the fundamental time scale
74 =~ 2 yr (Tab. 1). As described in Aubert and Gillet (2021),
this additional energy forms plateaus in the spectra of Fig. 5.
The start of high-frequency fall-off for the plateaus has been
related to magnetic dissipation and predicted to occur near
0.1 yr~! at core conditions, a value broadly confirmed by the
results of case U+G. Similarly to observations made in Aubert
(2023); Aubert (2025), there appears to exist a transition in the
falloff steepness near the Alfvén frequency fy = 1/z74, with
the higher-frequency falloff then following f~*. This last
value is however somewhat less steep than the f~¢ falloff
observed in Aubert (2023), and we again attribute this dis-
crepancy to short integration times in that study. The corner
seen at frequency f4 presumably indicates that hydromag-
netic waves are predominantly excited at large scales in the
simulation. In most of the investigated frequency range, the
parallelism between spectra for velocity and magnetic field
underlines that magnetic acceleration predominantly results
from the advection of a quasi-steady magnetic field by an
accelerating flow, as classically observed at the low spheri-
cal harmonic degrees that dominate the Earth surface signal
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(Christensen et al., 2012; Aubert, 2018). Finally, the power
density predicted by case U+G at interannual frequencies
agrees with that observed in the CHAOS series of geomag-
netic field models (Finlay et al., 2020; Kloss et al., 2026). The
steeper high-frequency falloff of the CHAOS models is pre-
sumably due to the effects of the temporal regularisation and
source separation hypotheses. Note that the CHAOS-8 series
refine this temporal regularistion by using prior information
derived from the end-of-path numerical dynamo sequences
of Aubert (2023). This explains the enhanced high-frequency
content of CHAOS-8 respectively to CHAOS-7, as well as its
increased proximity with case U+G.

Inside the core, disruptions of the QG-MAC balance (Fig. 1)
lead to a magneto-inertial Alfvén wave response at interan-
nual periods commensurate with 74 ~ 2 yr (Aubert and Fin-
lay, 2019; Gillet et al., 2022). Only axisymmetric (torsional
Alfvén) waves remain of magneto-inertial nature as they as-
cend to the core surface, because they are immune to the
Coriolis force, but these constitute a minor part of the inter-
annual flow energy seen in Fig. 5. The main part comes from
non-axisymmetric components, which are converted into
quasi-geostrophic, magneto-Coriolis (QGMC) waves with
similar periods during their ascent, because the influence of
the Coriolis force becomes more potent than that of inertia
(Gerick et al., 2021; Finlay et al., 2023; Barrois and Aubert,
2024). The QGMC wave patterns can be seen directly in the
low-latitude flow at the core surface (Fig. 3d) but their typ-
ical wedge-shaped structure is more readily exhibited when
highpass-filtering this flow in time and lowpass-filtering in
space (Fig. 6a-c). They feature a westward phase propagation
(Fig. 6d-f) at speeds of a few degrees per year that exceed by
far the convective westward drift. The patterns, amplitudes
and phase velocity characteristics of the waves observed in
Fig. 6 are in agreement with the inferences made by Gillet
et al. (2022) from rapid geomagnetic variations. Fig. 6d-f fur-
thermore shows that the patterns of these waves are strongly
variable across cases U, N, and C. Comparing cases N and C
(Fig. 6e.f) first highlights the effect of a twofold decrease of
the core conductivity o, which results in patterns of signif-
icantly larger scales because of enhanced ohmic losses (see
Fig. 6g). Comparing cases N and U highlights the effect of
switching from a convectively neutral (f; = 1) to an unsta-
ble top core (f; = 0.75), which appears to force the waves
at smaller scales because of the effects of enhanced convec-
tion. Note also the boundary-driven geographical segrega-
tion present in case C (Fig. 6f), where there is a preference
for the Eastern hemisphere where forcing of the waves by
convective upwellings is strongest.

The most notable feature of the interannual geomagnetic
signals observed by geomagnetic satellites over the last 30
years is rapid recurrence of short pulses and large changes of
magnetic acceleration, giving rise to geomagnetic jerk events
(Chulliat et al., 2010; Finlay et al., 2020). A previous simula-
tion that approached Earth’s core conditions at 71% of the
parameter space path (Aubert et al., 2022) was successful at
linking these signals with the propagation of the interannual
QGMC waves seen in Fig. 6. This simulation was however
unable to account for the rapid recurrence of strong jerks.
Fig. 7a shows that case U features frequent jerks of energy
exceeding Ej = 100 nT?.yr™*, as is the case for the satellite
geomagnetic record (Fig. 7c). The recurrence time between
these strong events is now about 3 years (Fig. 7b) i.e. fully
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Figure 7: Jerk energy as a function of time in the entire case U (a) and in a close-up (b). (c) Jerk energy in the CHAOS-8.4 geomagnetic field
model (Kloss et al., 2026). The horizontal dashed line marks the level Ej = 100 nT?.yr™* that defines the occurrence of a jerk in Aubert et al.
(2022). To facilitate the comparison, the time spans of (b) and (c) are the same.

comparable to the geomagnetic record (Fig. 7c) and as short
as allowed by the averaging time window that defines Ej in
connection with the limited resolution of geomagnetic ac-
celeration models. Because the Lundquist number S ~ 10° is
about 4 times larger in case U than it was in the ’71% of path’
model used in Aubert et al. (2022), convective excitations give
rise to longer-lasting QGMC wave sequences, with more al-
ternations giving rise to more connected jerks. Case U also
more clearly illustrates the interplay between waves and the
convective source, which modulates the jerk energy baseline
on a secular time scale (Fig. 7a). In the light of this model, it
may besides be suggested that the geodynamo is currently
in a rather active convective phase. We recall that for the
observed and modelled signals of Fig. 7 to agree, it is crucial
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that the top of the core should be neutrally buoyant (as in
cases N and C) or convectively unstable (as in case U), and
that stable top core stratification is strongly deleterious to
this agreement (Aubert, 2025).

We now analyse the torsional magneto-inertial Alfvén
waves borne by the axisymmetric azimuthal velocity. These
are an important topic for simulations at core conditions, be-
cause their characteristic Alfvén time scale 74 is interannual
and realistic for the first time (Tab. 1). Fig. 8 presents time-
cylindrical radius visualisations of these waves in cases GL,
G and GC. The results are in morphological and quantita-
tive agreement with geomagnetic inferences (e.g. Gillet et
al., 2010; Istas et al., 2023), with amplitudes of a few tenths
of a km.yr™! (i.e. much less than QGMC waves, Fig. 6) and
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Figure 8: (a-c) Time-cylindrical radius diagrams of the axisymmetric and equator-symmetric part of the core surface azimuthal flow u-e,,
highpass-filtered below 10 yr and truncated after spherical harmonic degree £ = 30, in (a) case GL, (b) case G, (c) case GC, which differ by their
lower mantle conductance Aoy. Green curves correspond to outwards and inwards ray-tracing trajectories of waves at the Alfvén speed
ca(s,t) given by eq. (11). (d) squared reflexion coefficient R? estimated by Radon-transforming the complete time-cylindrical radius series, as
a function of the reflection quality factor Q (eq. 10). A theoretical prediction R? = ((1-Q)/(1+ Q))? (Schaeffer and Jault, 2016; Gillet et al.,

2017) is also reported.

patterns mostly reflecting the propagation of the fundamen-
tal mode at period Ty = V3r,74/D ~ 5 yr. Torsional waves
are essentially insensitive to the outer core conductivity o
(Aubert and Gillet, 2021) but their reflection properties are
sensitive to the conductance of the deep mantle Aoy (Scha-
effer and Jault, 2016). Cases GL and GC vary this property by
a factor 10 on either side of the value Aoy = 2.2% 108 S used
in case G. We find that the amplitude of torsional waves de-
creases with increasing Aoy (Fig. 8a-c), in disagreement with
one-dimensional modelling of the torsional wave propaga-
tion equation (Gillet et al., 2017). There appears to exist an
energy cost for the core flow when strongly coupling to the
mantle. This effect is not accounted for when using a fixed
outer boundary and therefore infinite inertia of the mantle,
as in Gillet et al. (2017). Comparing Fig. 8a-c also shows that
torsional waves reflect more easily when the mantle conduc-
tance is low. This is confirmed by a Radon transform-based
estimate of the reflection coefficient (Fig. 8d). This is ob-
tained by summing the squares of the field values at different
slopes in the time-cylindrical radius plot of Fig. 8a-c, identi-
fying the two peaks corresponding to outgoing and incoming
torsional waves, and computing the ratio of these two peaks.
Atlow values of the quality factor Q, the results are at least in
qualitative agreement with the theory of Schaeffer and Jault
(2016) (we do not expect quantitative agreement because of
the limited ability of Radon transform methods to identify
the reflected energy). Clear disagreement with the theory is
however observed for the highest conductance and Q value.
Here again, the theoretical framework does not handle the
energetic cost of moving a mantle that is more tightly cou-
pled. If this were the case, we should indeed also expect less
reflected energy at high Q values because of this cost. The
geomagnetic inference does advocate for weak or no reflec-
tion (Istas et al., 2023), meaning that the conductance should
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probably be larger than Aoy = 10% S.

The millennial time series now available with case U pro-
vides a more reliable description of the interdecadal time
scale range than earlier models. Fig. 9 shows that there is co-
herent energy in the 30-80 yr band for both cases U (Fig. 9a-
c) and its start-of-path equivalent U0% (Fig. 9d-f), consis-
tently with the power spectral densities shown in Fig. 5. This
energy however has however different physical origins in
the two cases. Case U0% (Fig. 9d) features eastward-drifting
Rossby waves (see e.g. Aubert and Gillet, 2021) that are not
geophysically realistic because of the unrealistic and nearby
value of the planetary rotation rate 27/Q = 8.7 yr. In con-
trast, in case U the strong rotational and magnetic forces
make QGMC waves also possible in this interdecadal range,
like they were in the interannual range, provided there is an
excitation source at the correct period (Barrois and Aubert,
2025) that is readily provided by convection. A stronger flow
is indeed observed (compare Fig. 9a and d), comprising the
landmarks of QGMC waves as they were previously observed
in the interannual range (Fig. 6): westward-drifting (Fig. 9a),
converging wedge patterns (Fig. 9b,c), with maximal energy
at the equator. Westward drift rates at about 0.6°.yr™! are
still significantly in excess of the convective westward drift,
confirming the wave character of the flow imaged in Fig. 9a-
c.

Looking for a magnetic signature of these interdecadal
QGMC waves, we note that the parallelism between fU and
2B in fig. 5 implies that B/U ~ 1/f i.e. the magnetic to
kinetic energy ratio of the waves increases with decreas-
ing frequency. Whereas it has been necessary to investi-
gate the magnetic acceleration in order to find a signature
for the interannual waves (e.g. Aubert et al., 2022), for in-
terdecadal waves a signature can be anticipated directly in
the magnetic variation. Because they are not axisymmetric,
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Figure 9: (a,d) Time-longitude diagram at the equator, (b,e) time-latitude diagram at a reference longitude, and (c,f) snapshot Hammer
projections of the azimuthal velocity u-e,, bandpass-filtered between 30 and 80-yr periods and truncated after spherical harmonic degree
¢ =30, in case U operating at Earth’s core conditions (a,b,c) and (d,e,f) case U0% at the start of the parameter space path terminating with case
U. The vertical lines in (c,f) locates the reference longitude for (b,e), and the dashed horizontal lines in (a,d) locate the time of the snapshots
(c.f). A westward drift at a rate of 0.6°.yr™! is indicated for reference in (a).
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Figure 10: Time-derivative of the geomagnetic axial dipole Gauss
coefficient g(l) (see Alken et al., 2021, for a definition), bandpass-
filtered between 30 and 80-yr periods. Shown are: the dipole varia-
tions of case U (black), the part due to induction by the meridional
flow ug bandpass-filtered between 30 and 80-yr periods, computed
using eq. (12) (blue), and (orange) the concatenation of geomagnetic
field model COV-OBS (Gillet et al., 2013) and CHAOS-8.4 (Kloss et
al., 2026). Time series are vertically shifted for clarity.

the waves imaged in Fig. 9a-c also have a meridional com-
ponent ug =u- ey, which transports the radial magnetic field
B, =B-e, and produces changes in the axial dipole Gauss co-
efficient g(l] through (e.g. Olson and Amit, 2006; Aubert et al.,
2025)
0 T 2
% :—/0‘ i%ugBrsinZGdG. (12)
In Fig. 10 we use eq. (12) to confirm that a sizeable part of
dipole variations at interdecadal periods indeed comes from
induction by the interdecadal wave flows. Oscillations with
period near 60 years furthermore have an amplitude in line
with that observed in the geomagnetic dipole variations over
the past 185 years. As was the case for interannual waves
(Fig. 6), we recall that stable stratification at the top of the
core is also strongly deleterious to this dipole variation signal
(Aubert, 2025) because it is deleterious to QGMC waves.
Reaching the physical conditions of Earth’s core is also im-

portant for the study of core-originated length-of-day (LOD)
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variations, because only then is the ratio between core, man-
tle, inner core inertia and the magnetic forces correct (since
it relates to the Alfvén time 7,4), as well as the frequency
content and amplitude of torques, angular momentum ex-
changes, and LOD signals. Cases U and G feature typical
LOD variations of a few milliseconds over a century, similar
to the observations (Fig. 11a). Torques on the order of a few
times 10'® N.m are involved, in line with previous estimates
(Holme, 1998). On time average, the mantle is driven by the
gravitational torque (i.e. entrained by the inner core differ-
entially rotating eastwards at a rate Qic — Qu & 0.1°%.yr™1)
and braked by the magnetic torque (i.e. dragged by the core
surface westward drfit), consistently with the rotational dy-
namics described in Pichon et al. (2016). Introducing viscous
relaxation of the inner core and a lag time of 7jc =20 yr in
the gravitational torque between mantle and inner core (the
difference between cases U and G) logically suppresses vari-
ations shorter than 7ic in this torque (Fig. 11c), leaving all
these rapid variations to be accounted for by the magnetic
torque. Increasing the lower mantle conductance in this lat-
ter case then also logically increases this magnetic torque,
and the rapid LOD variations as well (Fig. 11b). However,
whereas a simple scaling of the torque at constant forcing
would imply a linear increase of the LOD with mantle con-
ductance (e.g. Pichon et al., 2016; Gillet et al., 2017), the in-
crease observed here is clearly much less steep than linear,
because the amplitude of the forcing torsional waves de-
creases as the mantle conductance increases (Fig. 8). Only
case GC with the largest conductance Aoy = 2.2X10° S ap-
proximately matches the amplitude of the observed rapid
LOD variations at periods between 4.5 and 7.5 yr in the
vicinity of the fundamental torsional wave period Ty ~ 5 yr
(Fig. 11b). This is in broad agreement with the result of
Gillet et al. (2015), who proposed Aay = 3 X 10° S from the
analysis of inferred core flows in this frequency band. The
lower mantle conductivity case GL is inefficient at transfer-
ring the angular momentum in the interannual period range
(Fig. 11b) but strikingly very efficient at dramatically increas-
ing the angular momentum exchanges and LOD variations
at interdecadal time scales (Fig. 11a,d), an effect that is fur-
ther investigated in Fig. 12. The absence of such large swings
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Figure 11: (a) Length-of-day (LOD) variations in cases U, G, GL and GC, together with the core-originated LOD of Earth for 1840-2025. The
Earth LOD time series is the concatenation of LUNAR97 (Gross, 2001) and the IERS C04 series (Bizouard and Gambis, 2009), detrended by
1.78 ms/cy, cleaned for the atmospheric angular momentum and solid tides, and lowpass-filtered at 2 yr (processing from Rosat and Gillet,
2023). (b) LOD variations in cases G, GL, GC and Earth, bandpass-filtered between 4.5 and 7.5 yr. Time series in (a,b) are vertically shifted
for clarity (Earth data is also horizontally shifted). (c) time series of the magnetic and gravitational torques Iyyy and —Ig felt by the mantle,
in the cases U and G. The dashed line marks the transition between from the end of U to the beginning of G. (d) same torques for case GL.

in the observed LOD signal (Fig. 11a) again suggests that
low mantle conductance values Aoy < 108 S should be dis-
carded. More generally, this also suggests that if there in-
deed exists a decadal lag in the gravitational torque, then
some other core-mantle coupling mechanism needs to exist
and efficiently transfer the angular momentum at time scales
shorter than the lag.

Further insight can be gained by examining LOD power
spectral densities in Fig. 12. These are compensated for a
f~* falloff with frequency f, consistent with (dLOD/dt)? ~
(dQum/dt)? ~ u? from electromagnetic core-mantle coupling
(e.g. Pichon et al., 2016), and the squared velocity u? ~ f =2 for
interannual torsional waves previously reported by Aubert
and Gillet (2021). Consistent with this falloff, the plateaus
found in the compensated spectra of cases G and GC be-
tween periods 3 and 20 years confirm that LOD variations
in this range are due to angular momentum exchanges with
torsional waves in the outer core fluid. Consistently with
Fig. 11 also, the interannual LOD variations increase with
lower mantle conductance, and our highest simulated value
of mantle conductance Aoy = 2.2 x 10° S (case GC) is needed
to approach the Earth LOD frequency content. It is diffi-
cult to single out a systematic and outstanding peak at the
fundamental period T ~ 5 yr of torsional waves. Likewise,
the period 2z+/IicIm/T (Iic + Im) = 6.3 yr of the mantle-inner
core gravitational coupling mode does not stand out, as ex-
pected in a context where the torsional wave fundamental
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Figure 12: Power spectral density of the length-of-day series from
cases G, GC, GL and from Earth data, compensated by f° 4 as func-
tions of the period 1/f. Earth data is obtained as in Fig. 11 but
limited to its most precise part 1962-2025. Spectral transforms are
estimated with a Thomson multitaper method of half concentration
bandwidth 4/At where At = .y for the simulations and At =63 yr
for the Earth series.

period Ty is as short as the period of this mode (Dumberry,
2025). However, parts of the outer core axial fluid cylinders
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can be magnetically locked in co-rotation with the inner core,
such that the actual period of this mantle-’outer core’ grav-
itational coupling mode should be longer (Dumberry, 2025).
This situation appears especially relevant to the lower man-
tle conductance case GL. In this case indeed, the mantle is
coupled to the outer core only indirectly, via the gravita-
tional torque followed by the magnetic torque at the inner
core boundary, such that the mantle sees the inner core as
well as a part of the outer core as a unique, gravitationally
coupled, body. Assuming that the outer core is coupled up to
cylindrical radius s > r;, the period to consider then becomes

T(s) = 2m/Toc (s)In/T (Ioc(s) + In), where

Ioc(s) = i7rprg [2 -(1- (s/r0)2)3/2(3(s/r0)2 + 2)] (13)
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is the moment of inertia of the core between cylindrical radii
0 and s. Matching T'(s) to the resonant periods in excess of
40 yr observed in Fig. 12 for case GL requires s > 0.67, i.e.
that the core is coupled over more than 60% of its cylindri-
cal radius at these periods. The period corresponding to an
entirely coupled core is T(r,) = 81 yr, in line with the few
oscillations observed for case GL in Fig. 11a. Notably, we ob-
serve that the coupling extends over considerably more than
the axial cylinder tangent to the inner core (s = r; = 0.35r,),
probably because of the large-scale nature of the torsional
waves that maintain this coupling on time scales shorter than
T(s).

4 Discussion

4.1 Success of the convective geodynamo
paradigm

In the simulations presented here, and for the first time with-
out extrapolation, all model outputs and particularly U =~
20 km.yr._l, B~4mT,C~107* kg/m3 match the Earth es-
timates strikingly well (Tab. 1). The morphology of the sur-
face magnetic field, the flow structures (Fig. 3), as well as
their variations and accelerations (Fig. 4) are quantitatively
Earth-like, and feature the notable structures previously de-
scribed in the literature (see the review of Finlay et al., 2023):
the slow convective westward drift, the longitudinally hemi-
spherical gyre (Fig. 3), interdecadal dipole variations (Fig. 10),
rapid interannual QGMC waves with faster westward prop-
agation (Fig. 6), the associated jerk events (Fig. 7), torsional
waves (Fig. 8) and their associated core-originated variations
in the length of the day (Figs 11 and 12). In particular, it is
key to obtain an Alfvén time 74 ~ 2 yr that is Earth-like for
the first time, in order to explain most of the wave-driven
features occurring at interannual time scales, as well as core-
mantle angular momentum exchanges. It is also key that the
simulation duration matches or exceeds the magnetic vari-
ation time scale TSIV ~ 400 yr, in order to ascertain that it is
well equilibrated from the standpoint of long-term convec-
tive variations.

Having reached the end of the parameter space path de-
fined in Aubert et al. (2017) over about 17 overturn times of
the core therefore provides a direct validation of the con-
vective geodynamo paradigm. From the sole specification
of first-principle physics and a few fundamental parameters
(length, density, rotation rate, power, electrical conductiv-
ity), we are now in position to reproduce the behaviour of
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the geodynamo with excellent accuracy. The strategy to en-
hance small-scale viscosity while keeping it much lower than
the magnetic diffusivity at large scales pays off, as the vis-
cous force is essentially irrelevant here (Fig. 1) because its
contribution to energy dissipation is minor (Fig. 2). Ideally,
the computation should carry on for at least a decay time of
the dipole (about 50 kyr), to make sure that dynamo action is
fully demonstrated and the statistics well equilibrated. How-
ever, it should be recalled that the simulation results from a
gradual approach of Earth’s core conditions along parame-
ter space paths, where dynamo action, outputs and scalings
have been checked at various intermediate positions (Fig. 2
and Aubert et al., 2017; Aubert, 2019; Aubert and Gillet, 2021).
If the dynamo should have failed, or behaved differently from
the scaling predictions, this should therefore have occurred
much earlier along these paths. The robustness of long-term
induction mechanisms is also strenghtened by the similarity
between start-of-path extrapolations and end-of-path reali-
sations at time scales beyond the core overturn (Fig. 5).

Because of this long-term invariance, too, a probable out-
standing discrepancy with the geodynamo is that none of
the models presented here would present dipole reversals if
they could be integrated over millions of years and longer,
because none of the previous models have featured rever-
sals either (Aubert et al., 2017). The difficulty is that classical
reversal mechanisms based on the inertia-driven multipolar
transition become inefficient once the magnetic to kinetic en-
ergy ratio B?/puU? = (1 /74)? increases (Tassin et al., 2021).
Very few reversing dynamos with low inertia have been ex-
hibited so far in the standard set-up (Jones and Tsang, 2025),
and whether their mechanism can be extrapolated to Earth is
currently unclear. An inertialess reversal mechanism valid at
core conditions has been presented (Aubert et al., 2025), but
this requires a stable top core incompatible with rapid ge-
omagnetic variations (Aubert, 2025), and has therefore not
been implemented here. Further work is needed, searching
for similarly robust mechanisms that would also hold in neu-
tral or superadiabatic top core conditions.

Here we have successfully tested a modification of the
path approach where we have enhanced the thermochemi-
cal diffusivity x at all spatial scales, instead of ramping up
its value at small scales with a hyperdiffusivity profile, as
was originally done in Aubert et al. (2017). In terms of di-
mensionless numbers, this means that the Prandtl number
Pr = v/k decreases along the path, to reach values of order
1073 at its end, instead of being kept equal to unity. The
path theory does indeed not specify a particular rule for
this parameter. We have observed that the force balance, as
well as the system dynamics, are unchanged by this mod-
ification (Fig. 1). Because the Péclet number Pe = UD/x >
1000 remains sufficiently high, the system indeed stays in
an advection-dominated regime where the details of density
anomaly diffusion do not influence the dynamics and the en-
ergy route from injection to dissipation. The numerical com-
putation is also facilitated as we can reliably use a smaller ra-
dial resolution NR in the radial direction (Tab. 1) when using
this modification.

4.2 Geodynamic implications

Given its accuracy, the model can be considered a reliable and
first-principle based physical link between geomagnetic and
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geodetic observables of the core on one hand, and the under-
lying deep Earth geodynamic parameters on the other hand.
A power (or ohmic dissipation) level near P =3 TW is needed
to quantitatively match these observables, in agreement with
a more systematic previous determination (Aubert, 2023).
We note that this power level in turn requires fairly high
values of the core-mantle boundary heat flow (e.g. Labrosse,
2015), consistent with the recent multi-disciplinary estimate
Qcms = 15 TW (Frost et al., 2022, see section 2.4). It could
in principle become possible to distinguish between a neu-
trally buoyant and a convectively unstable top core, or to
constrain the conductivity o of the outer core from the sig-
nature of rapid QGMC waves at the core surface (Fig. 6) but
the rather low resolution of current geomagnetic inferences
(Gillet et al., 2022) makes this more theoretical than practi-
cal for the time being. In any case, we recall that any geo-
physically plausible level of stable stratification at the top of
the core is strongly deleterious to the success of the model
(Aubert, 2025), such that the combination of this model and
the geomagnetic evidence is strongly supportive of a top core
that is at least neutrally buoyant.

In the hypothesis of direct electromagnetic coupling
across the core-mantle boundary, torsional waves (Fig. 8) and
their associated core-mantle angular momentum exchanges
(Figs 11 and 12) are informative on the conductance of the
lower mantle. The reflection, attenuation properties at the
core surface, as well as the predicted variations in the length
of the day support a lower mantle conductance in excess
of Aoy = 10° S, in agreement with the inference of Gillet
et al. (2015). This is however fairly high when compared
to the available determinations from electromagnetic sound-
ing, and this would in any case require to distribute materials
with a highly enriched content in iron (i.e. with conductiv-
ity oy approaching the core conductivity o) over a layer with
thickness A = 0(10) km, sufficiently thin to avoid phase lags
in magnetic variations (Gillet et al., 2025).

We have explored a configuration where the viscous re-
laxation time of the inner core 7jc = 20 yr lies in the inter-
decadal range. The gravitational torque is then unable to
account for interannual core-mantle angular momentum ex-
changes (Fig. 11). In this case, suppressing direct coupling
across the core-mantle boundary triggers the resonance of
a ‘mantle-outer core gravitational mode’ at interdecadal pe-
riods, with a striking but non-geophysical signature. Some
form of direct coupling across the core surface is therefore
needed, and if this is provided by an electromagnetic torque,
the lower mantle conductance cannot be very much smaller
than Aoy = O(108 S).

4.3 Explaining and predicting the inter-
decadal geomagnetic variations

By virtue of the millennial physical time duration of
the model sequences, we were able to uncover quasi-
geostrophic, magneto-Coriolis waves in the interdecadal
range (Fig. 9), with a signature in the dipole variation sig-
nal (Fig. 10). The apparent 60-yr periodicity of the geomag-
netic dipole variation has previously motivated several ex-
planations involving torsional (Zatman and Bloxham, 1997)
or magneto-Archimedes-Coriolis waves (Buffett, 2014). The
former interpretation has been abandoned with the down-
ward re-evaluation of 74 towards interannual values (Gillet
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et al,, 2010), and the stable top core required by the latter
is strongly incompatible with the rapid geomagnetic signal
(Aubert, 2025). Here, we propose that this signal is caused by
QGMC waves, the presence of which is exhibited here in a
fully dynamically consistent framework, and at levels com-
patible with the geomagnetic signal (Fig. 10).

Because Earth’s core QGMC waves have already been ex-
hibited at periods up to 12 yr in geomagnetic inferences
(Gillet et al., 2024), it will be interesting to investigate the
possibility of their existence at even longer periods in forth-
coming inverse problem studies that should incorporate the
temporal dependence of these waves as prior information.
The use of statistical priors from numerical dynamos ap-
proaching or matching Earth’s core conditions has started
to bear fruit in observation-based geomagnetic field and core
flow modelling (Gillet et al., 2022; Istas et al., 2023; Claveau et
al., 2025; Kloss et al., 2026). With robust synthetic data now
acquired over several millennia, and a new understanding of
interdecadal waves as well as their signatures, we hope to be
able to simulate the wave dynamics over realistic magnetic
base states. This could unlock geomagnetic predictions at a
range of a few years with a lower Earth surface error than
the typical 100 nT that is currently feasible (Fournier et al.,
2021).

4.4 Refining the dynamo scaling laws

The model has confirmed the extremely robust character of
the QG-MAC force balance and associated large-scale struc-
ture (Figs 1 and 3), that were previously observed along
and across paths in parameter space (Aubert et al., 2017;
Schwaiger et al,, 2019). Because the path parameter is a
dimensionless measure of convective power, the following
scaling laws based on the convective power P could also be
validated:

U = (P/pQD*)'?, (14a)
B =0.1y/pp(PQ/pD)'/*, (14b)

where prefactors have been determined from Fig. 2. These
can be derived from the MAC balance and the power budget
with the additional closure assumption that d, remains con-
stant (Starchenko and Jones, 2002; Aubert et al., 2017). We
have indeed found (Fig. 1) that at core conditions, the system
organises at a scale d;, =D/¢, ~ D/4 that has varied little
(at most a factor 2) along the parameter space path (Aubert
et al., 2017), but also across this path as long as the dynamo
remains in QG-MAC balance (Schwaiger et al., 2021), and re-
gardless of whether hyperdiffusion is used or not (Aubert,
2019). We stress that the solenoidal force balance alone does
not constrain d, such that the full force balance including
gradients (as computed in Fig. 1) is needed to access it. An-
other argument in favour of these laws is the excellent ac-
curacy with which they can simultaneously predict the es-
timates U ~ 5x 10 m.s™! and B ~ 4 mT for Earth’s core
with a single and plausible estimate of the convective power
P =3 TW, once their prefactors are determined from the nu-
merical simulations (Figs 2 and 3, Tab. 1).

In contrast, the classical dynamo scaling laws (Davidson,
2013) close the system of equations by assuming the inde-
pendence of B on the rotation rate, which leads to a variable
dynamo length scale d, . The widely known resulting scaling
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B ~ P'/3 has received strong numerical support in the numer-
ically moderate part of the parameter space (Christensen and
Aubert, 2006), where structural constraints from the mag-
netic field remain weak and viscous dissipation is not nec-
essarily minor. Significant discrepancies have however ap-
peared since more advanced simulations have become avail-
able. The associated d, ~ P'/° scaling for length scale pre-
dicts a factor (107)!/° ~ 6 decrease between moderate and
Earth’s core conditions, which has not materialised, as stated
above. Being able to vary the power over such a wide range
also provides sufficient accuracy to discriminate between the
U ~ P*/° of this theory and U ~ P'/? from Eq. (14a), in favour
of the latter (Aubert, 2019). Finally, when calibrated from the
numerical simulations, the predictions from these laws have
remained slightly inconsistent with Earth data. Aubert et al.
(2009) for instance obtain U = 2x 1073 m.s ! and B~ 2.5 mT
for P ~ 3 TW. At first glance the difference is not very large
between these and the above predictions, and acceptable,
coming from a scaling theory. But because B lies slightly be-
low and U significantly above the Earth estimates of Tab. 1,
the discrepancies cannot be resolved by varying the power
P, whereas there is a plausible value of P for which both scal-
ings (14a,14b) pinpoint the Earth estimates.

Despite these inconsistencies, it remains true that the pi/3
scaling has been successful at explaining magnetic field am-
plitudes varying over three orders of magnitudes between
planets and fully convective stars (Christensen et al., 2009).
But we note that the dynamic of a P'/* scaling would only
differ by a factor two over this range. This could be accom-
modated by the uncertainties involved in observing and es-
timating the internal magnetic fields, thus bringing us back
to the initial proposal of Starchenko and Jones (2002). The
results presented here certainly incite to continue the search
for a universal scaling theory, because of the importance of
the associated laws for comparative planetology.
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